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Steiner’s problem: In which fields the formula dab = d/adbmakes sense is 
generalized and solved for n-th roots. Furthermore the periodic abelian groups 
which can be complemented in any abelian extension with torsionfree factor 
group are characterized. 
The problem is to determine the fields F which contain a subgroup S 
of the multiplicative group F* of F representing the factorgroup of F* 
module the kernel of the square endomorphism: 
e:F"+F*, 
ex = 3 (OfxeF). 
In other words one wants to know whether there is a multiplicative 
group S formed by certain nonzero elements of F such that 
(1) es = eF*; 
(2) e j S is 1 - I. 
If there is an element i of order 4 in F* then it cannot belong to S because 
it contains two elements with equal squares. On the other hand S contains 
an element i the square of which is - 1. Hence &i belongs to S, a contra- 
diction. H.-G. Steiner showed that the condition for F* not to contain 
an element of order 4 also suffices to establish the existence of a represen- 
tative subgroup of F*Jker 0. 
We note that in that case the 2-Sylow subgroup of I;* is generated 
by - 1. The problem is to find a complement S such that F* = (- 1) x S. 
At first glance one would think that any Sylow subgroup of any abelian 
group has a complement. 
That this is wrong may be seen for the abelian group G with the 
generators ai , xI; and the defining relations 
a?” = 1 z 7 
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p a prime number (e.g., p = 2), 
aiak = akai , xiak = akxi (1 < i, 1 d k), 
xgl = xiai (1 < i). 
The p-Sylow subgroup of G is 
S, = (al> x (az> X *** 
when 
is the order of the i-th factor. The factor group G/S, is mapped isomor- 
phically into the additive group Q+ of the rational numbers by 
#:G+Q+, 
&Zi = 0 (1 < i), 
#Xi = I/pi. 
There is no monomorphism 
y(l/pi) = XiUi (Ui ES, ; 1 < i). 
If there would be one then there would be a solution of the system of 
equations 
a,u;ll = ui (1 < 9, 
in S, which, in fact, does not exist. 
To see what the obstacle is let us remark that for each prime number p 
the p-Sylow subgroup S, of G is a direct product of cyclic subgroups C,i 
of order pi and infinite p-groups C, m isomorphic to the factor module 
of the rational numbers with p-power denominator modulo Z. These 
decompositions are unique up to group automorphism. In particular 
the subgroup generated by the C, m is uniquely determined. It consists 
of all elements x of S, for which the equation x = yri has a solution 
in S, for every i. Alternately it is the intersection of all subgroups S$. 
It may be denoted by S$“. The exponent of S,/S:” either is a finitep-power 
p”(@) or it is infinite. In the latter case we set v(p, G) = co. We note 
324 ZASSEKHAUS 
that for the counter example ~(p, G) = co. Similarly, we find for any 
abelian p-group 
* I, 
A = A,, 2: n \a,/ 
1=1 
for which A, is an arbitrary abelian p-group and 
1 ai 1 = pa(i), 
a(i) < ol(i + 1) (1 < i), 
the abelian group 
G = (A, x1, x2 ,...j 
with the defining relations 
and 
xia = UXi (a E G, 1 < i) 
XT’ r+l = xiai (1 < 0, 
such that A is thep-Sylow subgroup of G and that A has no complement 
in G. Now try 
THEOREM 1. For any prime number p with the property that the 
p-number v(p, G) of the p-Sylow subgroup S, of the abelian group G is 
finite there is a complement of S, . 
Prior to proving Theorem 1 let us note that the torsion group F(G) 
formed by all elements of finite order of G is the direct product of all 
Sylow subgroups of G. Hence, if it could be established that F(G) has 
a complement in G, then also S, would have a complement in G. Of 
course, in order that we have a chance to find a complement of F(G) 
in G at all, we would have to impose the condition that every p-Sylow 
group of G has finite p-number v(p, G). But even with this condition 
satisfied there are counterexamples inasmuch as for any group 
A = “ii SPi 
i=l 
(pi infinitely many distinct prime numbers, S,% an abelian pi-group for 
which ~0 > “(pi , S,J > 0, 
SV, = <ai> X G , 
ai 1 = p”hs’i) (1 < 9, 
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there is the abelian group 
G = (A, x1, xz ,...) 
with the defining relations 
and 
xia = axi (aEA, 1 <i) 
xi”;, = aixi (1 < i), 
which contains A as torsion subgroup, but which does not split over A. 
Now try 
THEOREM 2. For any abelian group G with the property that for all 
prime numbers p the p-number v(p, G) of the p-Sylow subgroups of G is 
jinite, and that it is zero in all but a finite number of times, there is a 
complement of the torsion subgroup of G. 
Before we prove Theorem 2, let us point out that in Theorem 1 the 
torsion subgroup of G/C, (C, the complement of S, in Y(G)) satisfies the 
assumption of Theorem 2 since 
F(G/C,) = 9-(G)/C, 11 S, . 
Hence there will be a complement C/C, of F(G/C,) in G/C, with C a 
complement of S, in G. It remains to demonstrate Theorem 2. 
We remark that the trivial subgroup of G is a subgroup S with the 
properties 
S n Y-(G) = 1 
and (1) 
9-(G/S) = F(G) S/S XT(G). 
According to Zorn’s lemma among all S there is a maximal one, say S. 
Suppose there is a complement of Y(G/S) in G/S, say C/S with C a 
subgroup of G containing S. Then C is a complement of F(G). It suffices 
to deal with the case that S = 1. 
If there were an element x1 of G of infinite order then x,/F(G) would 
be of infinite order in G/F(G) the torsion-free factor group of G over F(G). 
This residue class would be contained in a maximal subgroup X/F(G) 
of G/F(G) of rank 1. 
There are only finitely many prime numbers, sayp, , pz ,..., ps , for which 
0 < v(pi 3 G) < 00 
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and the order of thep$Sylow subgroup of 
X/:;xr , F(G)) is finite, say pyL (1 :;: i < 3). 
Hence there is an element x2 of S such that the order of x2/(x1, F(G);, 
is equal to 
Ml = fi p;*. 
i=l 
There are only finitely many prime numbers, say q1 , q2 ,..., qt , for which 
0 < v(qi , G) < m 
and the qi-Sylow subgroup of X/(x2, F(G)) is infinite. We have a 
decomposition 
sqj = xj x Yj 
of the qi-Sylow subgroup Sgj of G into the direct product of a group Xi 
of exponent qjY@nG) and a group Yj that coincides with 
r;“j (1 <j < t). 
There exist natural numbers ni divisible by niel such that 
We observe that 
Hence the elements 
satisfy the equations 
X = (F(G), x2 , x3 ,... ), 
X;$ = xiai (2 < i), 
xt 
ai E 17 Xj . 
j=l 
(q-1 zzz 1 (2 < i). 
yi = X&Ii (2 < i> 
Yy::l = Y, (2 < 0, 
and therefore the subgroup ( yz , y3 ,...) complements F(G) in X, a 
contradiction. It follows that G = F(G) Q.E.D. 
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As an application of Theorem 2, let us ask the question whether for a 
certain set LY of natural numbers n the subgroup X= X(z7, F) of the multi- 
plicative group F* of a field F that is generated by the n-th roots of unity 
in F can be complemented in F*. For each prime number p either there is 
some number n, in C and some exponent v(p) satisfying the conditions 
Pulp) I %I , 
Vn(n E z 3 p”(P)+1 7 n) 
or there is a sequence of members m, , m2 ,... of JY such that pi divides mi . 
In the latter case one observes that X contains the subgroup formed by 
all pi-th roots of unity (i = 1, 2,...) which is isomorphic to the factor 
module of the module of all rational numbers withp-power denominator j 
modulo Z. We set v(p) = 0 in that case. 
The condition 
Vx(x E F* & x+“+~ = 1 => x E X) (2) 
is necessary for complementability of X in F* in case v(p) is positive. 
In the event that all but a finite number of the v(p)‘s are zero the 
necessary conditions (2) taken for all p’s together are sufficient too. 
In any case in which the system ,E of natural numbers satisfies the 
condition (2) for all prime numbers p for a certain field F there is an 
algebraic extension E of F with the same property such that the subgroup 
X(2, E*) can be complemented in E*. Indeed, by an application of 
Zorn’s lemma we can find among the algebraic extensions of F with the 
same property as F a maximal one, say E. By another application of 
Zorn’s lemma we find among the subgroups intersecting X(2, E*) in 1 a 
maximal one, say C. If E* would contain an element x not belonging 
to C x S then x must have finite order S modulo C x S so that 
and 
xc = yz 
1 #YEC, z E s. 
It follows that any finite extension E(p) defined by the equation $ = y 
retains the same property as E. Because of the maximality of E we have 
E(p) = E so that ,u belongs to E and (p, C> n S = 1. Because of the 
maximality of C we have p E C, .$ = 1, a contradiction. Hence C is a 
complement of S. For example the multiplicative group of an algebraically 
closed field F splits over any periodic subgroup X(2, F) for which (1) is 
satisfied for all prime numbers p. 
On the other hand, if L? satisfies (1) for all prime numbers p with 
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respect to F, but if v(p) = ~(p, X) > 0 infinitely often then there is a 
sequence pi of distinct prime numbers satisfying 
“(Pi ) X) > 0, 
SDi pi -- Sylow subgroup of X, 
As& = (a:) x cj ) 
1 ai / = pi . 
Upon forming the transcendental extension 
E = F(x, , x2 ,...) 
of F determined by the relations 
one verifies once again that 2 satisfies (2) with respect to E, but E* does 
not split over 
X(Z, E*). 
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